The cascading polarization contributing to the femtosecond fifth-and seventh-order coherent Raman scattering processes is obtained in terms of the third-and fifth-order Raman response functions. It is found that four cascading processes contribute to the fifth-order Raman scattering signal. In the case of the seventh-order Raman scattering, there are 34 possible cascading processes contributing to the seventh-order Raman scattering signal, and they are classified as (5) ϫ (3) -and (3) ϫ (3) ϫ (3) -types depending on the involved low-order nonlinear optical processes. Due to the complicated interference among these polarization fields, it may not be possible to experimentally measure the pure seventh-order Raman scattering signal without contamination from the cascaded contributions.
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I. INTRODUCTION
Femtosecond fifth-order two-dimensional Raman scattering spectroscopy has received considerable attention recently, since a two-dimensional measurement of the vibrational dynamics can provide vital information on intra-and intermolecular energy relaxation processes, local structure of liquids, and vibrational relaxation of overtone modes. Despite the fact that a number of theoretical and experimental investigations along this line have been presented over the last decade, the possible contribution from the sequential cascading processes has been largely ignored. In the frequency-domain measurement of coherent higher-order Raman scattering by Wright and co-workers, they found that the cascading contribution to the signal is dominant over the direct fifth-order coherent light scattering contribution. 22 Albrecht and co-workers pointed out that, in fifth-order timeresolved coherent Raman scattering, the cascading thirdorder processes can also significantly contaminate the measured fifth-order signal. 23 , 24 Blank et al. have recently demonstrated experimentally that the fifth-order twodimensional time domain spectra of the intermolecular motions in liquid CS 2 are dominated by cascading third-order processes. 25 Also, the cascading contributions to the experimentally measured fifth-order signal of liquid CHCl 3 and CCl 4 were discussed in Ref. 26 .
In addition to fifth-order processes, seventh-order coherent Raman scattering processes have been theoretically investigated. 4 The response is governed by a four-time nonlinear response function, (i/ប) 3 ͓͗ †͓␣ I(t 4 ),␣ I(t 3 )͔, ␣ I(t 2 ) ‡,␣ I(t 1 )]͘ eq , where ␣ I(t) is the Heisenberg operator of the polarizability tensor and ͗¯͘ eq denotes the equilibrium ensemble average. However, as shown in this paper, seventhorder coherent Raman scattering signals also suffer from a number of cascading nonlinear optical ͑NLO͒ processes satisfying the same phase-matching condition. Consequently, it is suggested that a careful analysis taking into account all cascading contributions should be carried out before a measured seventh-order signal is interpreted as the true seventhorder signal originating from the direct seventh-order NLO process. In this paper, we show that the phase-controlled heterodyne-detection method can be of use in selectively measuring the direct fifth-order coherent Raman scattering field. This paper is organized as follows. The direct and cascaded contributions to the fifth-order induced polarization are theoretically derived and presented in Sec. II. The comparison of the direct fifth-order Raman spectrum with the cascading-process-induced spectrum for CHCl 3 is presented in Sec. III by using the parameters determined with the ab initio method ͑see Ref. 27 for detailed results͒. The direct and cascaded contributions to the seventh-order polarization are presented in Sec. IV. Finally, the main results are summarized in Sec. V.
II. FIFTH-ORDER INDUCED POLARIZATION: BOTH DIRECT AND SEQUENTIAL CONTRIBUTIONS
In the most general case of the fifth-order light scattering measurement, five off-resonant optical pulses are injected as shown in Fig. 1͑a͒ . Two pairs of pulses are used to create two consecutive vibrational coherence states, and the fifth pulse is scattered by the temporal and spatial grating thus created. The controlled delay times between the first two pairs of pulses and between the second pair of pulses and the final pulse are denoted as and T, respectively ͓see Fig.  1͑a͔͒ . The external field is thus given by a sum of the five fields,
where
Here c.c. denotes complex conjugate and j (t) is the temporal envelope function of the jth electric field vector. The frequencies of the five fields are assumed to be identical, i.e., j ϭ 0 for jϭ1, 2, 3, 4, and 5. This can be achieved by using time-delayed pulses generated from a common laser oscillator. Although the femtosecond pulses generated in the laboratory do have a finite width, for the sake of simplicity the laser pulses are assumed to be impulsive in this paper, i.e.,
In Eq. ͑3͒ i (t) denotes the magnitude of the vector j (t), while the unit vector parallel with the ith electric field vector j (t) is to be designated by u j . Although the time profiles of laser pulses are approximated by the square root of delta functions, the slowly varying amplitude approximation can still be applied to pulses as wide as tens of femtoseconds because the time scales for the nuclear degrees of freedom are much slower than the pulse width.
The phase-matching condition for the fifth-order twodimensional Raman scattering process is given by k s ϭk 1 Ϫk 2 ϩk 3 Ϫk 4 ϩk 5 . We next focus on the calculation of the direct as well as cascading contributions to the corresponding fifth-order induced polarization satisfying the same phase matching condition.
When the external field frequency is far off-resonant with respect to the optical transition, the field-matter interaction can be described by the effective interaction Hamiltonian given by
where Ã denotes the transpose of a column vector A. Then, the Liouville equation for the ground state density matrix, g (r,t), is given as
where H 0 is the material Hamiltonian determining the nuclear dynamics in the electronic ground state. The secondorder density matrix, expanded with respect to the fieldmatter interactions, can be obtained as
͑6͒
where eq denotes the equilibrium density operator in the electronic ground state. It should be noted that the effective interaction Hamiltonian defined in Eq. ͑4͒ represents two field-matter interactions. Thus, the first-order term with respect to the effective interaction Hamiltonian is essentially identical to the second-order perturbation expansion term with respect to the field-matter interaction when the hyperpolarizability contribution is completely ignored. The 2nth-order expanded density matrix, which is obtained by the nth-order perturbation expansion with respect to the effective interaction Hamiltonian, is then given as 
By definition, the polarization is the expectation value of the dipole operator, where the induced dipole operator was defined as ind (r,t) ϭ␣ I•E(r,t), and N denotes the number density.
A. Direct fifth-order electronically off-resonant scattering
The fifth-order nonlinear polarization can be obtained by inserting the electric field given in Eq. ͑1͒ into Eq. ͑8͒. In particular, we look for the specific polarization component whose wave vector and frequency are given as k s ϭk 1 Ϫk 2 ϩk 3 Ϫk 4 ϩk 5 and s ϭ 1 Ϫ 2 ϩ 3 Ϫ 4 ϩ 5 ϭ 0 , respectively:
Then, within the impulsive limit, carrying out the double integration involved in the calculation of g (4) (r,t) and using Eq. ͑4͒, we find the amplitude of the direct fifth-order offresonant scattering polarization,
where the fifth-order nonlinear response function is defined as
Note that the fifth-order response function given by Eq. ͑11͒ is a simple vector quantity, which depends on the polarization directions of the external electric fields as well as the molecular properties ␣ I. In Appendix A, we presented a brief derivation of Eq. ͑11͒. One can also define the fifth-order response function in terms of only molecular properties, which is a sixthrank tensor. The tensor form of the fifth-order response function was originally obtained by Tanimura and Mukamel.
1
Several groups have carried out theoretical calculation of the fifth-order nonlinear response function in terms of Brownian oscillators, and using the instantaneous normal modes analysis. 1, 2, 6, 7, [28] [29] [30] Before we turn our attention to the cascading processes, it should be emphasized that the five fieldmatter interactions to create the macroscopic induced polarization involve only the five external fields. In other words, the internal field generated by the lower-order induced polarization was completely ignored in the field-matter interaction. This approximation is very good for the lowest-order NLO processes, such as four-wave mixing spectroscopies. However, as shown below, the internal field produced by the lower-order induced nonlinear polarization can be of crucial importance in the higher-order NLO processes.
B. Cascaded fifth-order electronically off-resonant scattering
Cascading lower-order processes become important for the fifth-and higher-order NLO processes. In this section, only those cascading processes that produce the signal field satisfying the same phase-matching condition, k s ϭk 1 Ϫk 2 ϩk 3 Ϫk 4 ϩk 5 , are considered. Four distinct third-order processes should be considered in this case,
ϩ 5 ϭ 0 , and ͑4͒ k s4 ϭk 3 Ϫk 4 ϩk 5 , s4 ϭ 3 Ϫ 4 ϩ 5 ϭ 0 . The corresponding third-order induced polarizations can be obtained by using Eq. ͑8͒, and their amplitudes are
where the third-order Raman response functions are
͑19͒
The electric field generated by one of the third-order induced polarizations should satisfy the following Maxwell equation,
Here we look for a solution of the form E si (3) (r,t) ϭ si (3) (r,t) exp (ik si Ј •rϪi si t), where k si Ј is different from k si , which is given by a combination of the incoming wave vectors, as can be seen above, due to the frequency dispersion of the refractive index of the optical sample. In addition, we have assumed that si (3) (r,t) changes in time quite slowly in the time scale of si Ϫ1 in deriving Eq. ͑20͒. The forward-propagating component of the generated electric field amplitude grows linearly with respect to the distance from the front boundary of the optical sample.
3 Direct integration over z gives the generated electric field amplitudes of the four third-order NLO processes that are approximately given by
where the constants A s j for jϭ1, 2, 3, and 4 are defined as
͑25͒
The phase matching factors, F s j (3) for jϭ1, 2, 3 and 4, are defined as
where ⌬k s j ϭk s j Ϫk s j Ј . ͑See Appendix B.͒ Here n s is the refractive index of the sample at the frequency of s , and l s j is the sample thickness traveled by E s j . Here the factor 2 in the denominator inside the parenthesis of Eq. ͑25͒ is introduced to take the average amplitude of the generated field within the sample-note that the generated field amplitude increases linearly from 0 at the front boundary to a maximum value proportional to l s j at the rear boundary so that the average field amplitude within the optical sample is proportional to l s j /2. In addition to the five external fields, the molecular system can interact with these four internal fields generated by the third-order NLO scattering processes. The total electric field is therefore
where the external field, E ex (r,t), was given in Eq. ͑1͒, and the third-order internal field, which is involved in the cascading processes contributing to the fifth-order signal, is given as
If one of these internal fields instead of the external fields participates in one of the three field-matter interactions of another third-order NLO process, the cascading coherent field can be generated. As elegantly shown by Ulness, Kirkwood, and Albrecht, 23 there are four cascading processes producing electric fields with the same phase matching condition, k s ϭk 1 Ϫk 2 ϩk 3 Ϫk 4 ϩk 5 , and these four energy level diagrams are shown in Fig. 2 . The corresponding polarization amplitudes are found to be
Overall, the total polarization from the cascading contributions is the sum of the four components given by Eq. ͑29͒ over the index j from 1 to 4. This result should be compared with the direct contribution given in Eq. ͑10͒. For the sake of brevity, we consider a simple situation where all external electric fields are parallel. Then the polarization components from cascading processes are given by
where AϵA s1 ϭA s2 ϭA s3 ϭA s4 ϭ(2 0 /n s c)(l/2) and
with uϭu 1 ϭu 2 ϭu 3 ϭu 4 ϭu 5 and
FIG. 2. Four distinct cascading processes contributing to the fifth-order
Raman scattering field are drawn. For instance, consider ͑a͒. The three field-matter interactions with k 1 -, k 2 -, and k 3 -external fields can create third-order induced polarization, P s1 (3) (t) in Eq. ͑12͒, with the wave vector, k s1 . This polarization acts as a source to create third-order electric field, s1 (3) (t) in Eq. ͑21͒, obeying the corresponding Maxwell equation. This thirdorder electric field initiates the second third-order nonlinear optical process to eventually create an electric field with wave vector of k s ϭk 1 Ϫk 2 ϩk 3 Ϫk 4 ϩk 5 . Likewise, the remaining three cascading processes can be interpreted similarly. The solid ͑dashed͒ arrow represents the field-matter interaction with the ket ͑bra͒ side of the density matrix.
͑38͒
For comparison, in the case of parallel electric vectors, the response function given in Eq. ͑11͒ for the direct process can be rewritten as
and the ratio between the absolute values of the cascading and the direct contributions is
͑40͒
As can be seen in the above equation, the relative magnitude of the cascading contribution is linearly proportional to the sample thickness as well as the number density. However, it should also be emphasized that the ratio is strongly dependent on the relative magnitude of the third-order response function in comparison to that of the fifth-order nonlinear response function. Depending on the molecular system, the first ratio on the right-hand side of Eq. ͑40͒ can vary over a wide range. Within the Placzek approximation, the thirdorder Raman response function is proportional to the square of the Herzberg-Teller term, ‫␣ץ(‬ /‫ץ‬Q j ) eq . For the sake of simplicity let us assume that a single Brownian oscillator is sufficient to describe the liquid intermolecular mode contribution. Then the ratio in Eq. ͑40͒ is proportional to ‫␣ץ(‬ /‫ץ‬Q) eq 2 ‫ץ(/‬ 2 ␣ /‫ץ‬Q 2 ) eq . Note that the relative magnitude of the Duschinsky term, ‫ץ(‬ 2 ␣ /‫ץ‬Q 2 ) eq , in comparison to that of the square of the Herzberg-Teller term, ‫␣ץ(‬ /‫ץ‬Q) eq 2 , is the key quantity in the determination of the relative magnitude of the direct fifth-order and cascaded third-order contributions to the signal. Therefore, a careful analysis based on the above result should be carried out to conclusively interpret the measured signal.
Since the two contributions, cascaded and direct processes, satisfy the same phase-matching condition, the homodyne-detected signal inherently contains both contributions as
͑41͒
In Eq. ͑41͒, the phase-matching factor for this fifth-order processes is given as F (5) 
If the phase-matching conditions for both third-and fifth-order processes are assumed to be perfect so that F s j
, the amplitude of the cascaded fifth-order scattering field, cas (5) (t), is purely real, whereas that of the direct process, dir (5) (t), is purely imaginary. Therefore, if a heterodyne-detection technique based on injecting a phase-controlled local oscillator field is used, one may be able to separately detect the cascaded and direct contributions, 31 that is to say
Controlling the phase factor, , to make LO * (t,) imaginary, one can selectively measure the direct component only. In this case, the optical phase of the local oscillator field should be controlled with respect to that of the final laser field.
III. COMPARISON BETWEEN CASCADING AND DIRECT PROCESSES USING AB INITIO RESULTS OF CHCl 3
To illustrate the quantitative relationship between cascading and direct fifth-order contribution to the measured signal, we use the ab initio results for CHCl 3 recently presented by Hahn et al. 27 There are two types of cascading contributions, the two terms in Eq. ͑34͒, and we shall separately compare each of these two contributions with the direct contribution. Depending on the precise phase-matching factors determined experimentally, the relative ratios of these two distinct cascading contributions to the direct fifth-order contribution will change.
For the sake of brevity, we will assume that only the u component of the electric field is to be measured:
The definitions of R s (3) (t) and R dir (5) (t,,0) in Eqs. ͑45͒ and ͑46͒ are given in Eqs. ͑38͒ and ͑39͒, respectively. Instead of plotting the two distinct contributions in the time domain, the following ratios of the two symmetrized spectra are calculated,
Here S cas I ( 1 , 2 ) is the two-dimensional symmetrized spectrum associated with the asymmetric cascading response function, R s (3) (Tϩ)•R s (3) (), whereas S cas II ( 1 , 2 ) is related to the symmetric cascading response function, R s (3) (T)•R s (3) (). In order to calculate the additional multiplication factor, ( 0 lN/n( 0 )c), in Eq. ͑47͒, the optical field wavelength is assumed to be 800 nm, the sample width is set to be 1 mm, and the number density N is estimated to be 7.59 ϫ10 27 m Ϫ3 from the density of CHCl 3 liquid at room temperature. The refractive index is assumed to be 1.44, which is the value at 589 nm. Although the refractive index used here is not that at 800 nm, the correct value should not be significantly different from 1.44.
In order to quantitatively compare the cascading contributions with the direct fifth-order contribution to the measured signal, we use the ab initio calculation results presented in Ref. 27 ͑see these papers for detailed discussions on the calculation of the 2D vibrational spectra as well as on how to interpret the spectra in terms of vibrational transition pathways͒. The calculated ratios, R I and R II , defined in Eq. ͑47͒ are plotted in Figs. 3͑a͒ and 3͑b͒ , respectively. The plots in Fig. 3 are the gray-scale contour plots. The white region in these figures means that the ratio is close to 1, which means the direct fifth-order contributions are dominant. In contrast, the cascading contributions are dominant in the dark region of Fig. 3 . In both cases, R I and R II , the high-frequency mode peak, which is the C-H stretching mode at around 3000 cm Ϫ1 , is quantitatively determined by the direct fifth-order contribution, whereas the peaks in the lower frequency domain are largely dictated by the cascading contribution.
Here it should be noted that Albrecht and co-workers used the value 0.1 mm for the optical sample width. 23 However, that of the experimental configuration used by Tokmakoff et al. to measure the fifth-order signal by using the intrinsic heterodyne technique is 1 mm. 8 Thus, the ratio, Eq. ͑47͒, suggests that the cascading process contributes to these experiments even more than Albrecht and co-workers estimated. Furthermore, if the homodyne detection technique is used, since the signal intensity is proportional to the square of the susceptibility, the corresponding ratio is even larger than that in the heterodyne measurement. Thus, the fifthorder Raman scattering spectrum of CHCl 3 is likely to be strongly contaminated by the cascading contribution.
In order to directly compare each distinctive contribu- tion, e.g., the two cascading and one direct fifth-order contributions, the three spectrograms, ( 1 , 2 ) , are defined as above, for the sake of notational simplicity. Since these three contour plots are drawn in the same scale, one can make a direct comparison between them. As can be expected, the asymmetric cascading polarization associated with R (3) (Tϩ)R (3) () cannot produce on-axis peaks, whereas the symmetric cascading polarization contributions, of which response function is R (3) (T)R (3) (), produce on-axis peaks and combination peaks-one can confirm this statement by inserting the sum-over-modes expression for the third-order response function into R (3) (Tϩ) R (3) () and R (3) (T)R (3) (), and by carrying out the 2D Fourier transformations. It should be noted that the diagonal peaks in Fig. 4͑b͒ can have significant contributions from the overlap of the two spectral tails from the two corresponding peaks along the frequency axes. For example, the appearance of a peak at ͑2985 cm Ϫ1 , 2985 cm Ϫ1 ͒ in Fig. 4͑b͒ is the result of the tails from the corresponding peaks at ͑2985, 0͒ and ͑0,2985͒. Comparing the three figures, it is concluded that the peak intensities in the high-frequency region, i.e., those of the peaks at ͑2985,2985͒, ͑2985,0͒, ͑1213,1213͒, ͑1213,0͒, ͑1213,642͒, ͑1213,351͒, are quantitatively determined by the direct fifth-order Raman process. In order to confirm this statement, the relative ratios are estimated as On the other hand, the low-frequency peaks are dictated by the cascading contributions. In order to clarify this statement, the low-frequency regions of Figs. 4͑a͒-4͑c͒, are plotted in Figs. 5͑a͒-5͑c͒, and they are again plotted on the same intensity scale to allow direct comparison. The peak intensities in Figs. 5͑a͒ and 5͑b͒ are much stronger than those in Fig. 5͑c͒ . Particularly, the peaks at ͑351,0͒, ͑250,0͒, and ͑351,351͒ in Fig. 5͑b͒ appear to be more intense than those in Fig. 5͑c͒ Thus, it is found that the relative magnitude of the direct fifth-order Raman contribution is larger for intramolecular modes that are strongly anharmonic-note that the absolute magnitudes of the cubic anharmonic coefficients of the highfrequency modes are larger than those of the low-frequency modes ͑see Ref. 27͒ . This implies that the fifth-order nonlinear Raman response measurements are more favorable on higher frequency intramolecular modes as they will suffer from less contamination by third-order cascaded signals. Given these considerations it may only be possible to achieve a relatively clean fifth-order measurement for the highest frequency modes in CHCl 3 . In the well-phasematched limit, on the basis of Eq. ͑40͒ one can experimentally improve the ratio of the true fifth-order response to the cascaded responses through the use of ͑i͒ thin optical sample cell, ͑ii͒ lower number density of the chromophores, ͑iii͒ long wavelength optical field, and ͑iv͒ solvent with large refractive index. Blank et al. recently discussed the cascading contributions to the intrinsic-heterodyne-detected fifthorder signal of liquids CHCl 3 and CCl 4 .
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IV. SEVENTH-ORDER INDUCED POLARIZATION: BOTH DIRECT AND CASCADED CONTRIBUTIONS
The experimental geometry of the seventh-order light scattering measurement involving seven off-resonant optical pulses is shown in Fig. 1͑b͒ . Three pairs of pulses are used to create three consecutive vibrational coherence states in the electronic ground state, and the seventh, and final, pulse is scattered by the three-dimensional temporal and spatial grating thus created. The controlled delay times are denoted as , T, and TЈ ͓see Fig. 1͑b͔͒ . The external field is then
where the field amplitudes are
Here again it is assumed that the center frequencies of the seven fields are identical. For the sake of brevity we assume that the polarizations of all seven external electric fields are the same.
The phase-matching condition for the seventh-order coherent Raman scattering process considered in this paper is assumed to be k s ϭk 1 Ϫk 2 ϩk 3 Ϫk 4 ϩk 5 Ϫk 6 ϩk 7 .
A. Direct seventh-order electronically off-resonant scattering
The direct seventh-order signal expression can be derived following the same procedure outlined above for the fifth-order signal. The seventh-order nonlinear polarization with wave vector k s ϭk 1 Ϫk 2 ϩk 3 Ϫk 4 ϩk 5 Ϫk 6 ϩk 7 is written in the form
where the frequency is s ϭ 0 . By using the definition of the polarization in Eq. ͑8͒ and carrying out the triple integrals to calculate g (6) (r,t) within the impulsive limit, the seventh-order polarization amplitude is obtained as where the seventh-order nonlinear response function is defined as
Here, analogous to the fifth-order case, the seven fieldmatter interactions involve all seven external fields. The homodyne-detected direct seventh-order signal is given by
where ⌬kϭk s Ϫk s Ј .
B. Cascaded seventh-order electronically offresonant scattering
In the case of the seventh-order process with the phasematching condition k s ϭk 1 Ϫk 2 ϩk 3 Ϫk 4 ϩk 5 Ϫk 6 ϩk 7 we find a total of 34 cascading NLO processes producing electric fields propagating in the same direction as the direct seventh-order NLO process.
It is necessary to consider nine third-order processes that are directly involved in the cascading processes, and those third-order field wave vectors are
The associated frequencies of the above third-order processes are given as 1
There are five fifth-order processes that must be considered in cascading processes and their phase-matching conditions are
The associated frequencies are 1
There are two kinds of cascaded contributions to the seventh-order Raman scattering signal. The first is the case when the electric field generated by the third-order induced polarization is again involved in the fifth-order NLO process as shown in Fig. 6͑a͒ . The reverse case, when the fifth-order scattering field is reused to induce third-order NLO process, also belongs to the same category. Since both fifth-and third-order NLO processes are involved in the respective cascading steps, this kind of polarization will be denoted as the (5) ϫ (3) -type. The second type of cascade occurs when three third-order processes combine to produce an electric field with wave vector, k s ϭk 1 Ϫk 2 ϩk 3 Ϫk 4 ϩk 5 Ϫk 6 ϩk 7 , and a typical diagram is shown in Fig. 6͑b͒ . This second kind of cascaded polarization will be denoted as the (3) ϫ
There are a total of 14 cascading processes of the (5) ϫ (3) -type. For instance, diagram ͑a͒ in Fig. 6 is the combination of ͑i͒ the third-order process creating polarization with wave vector k 1 (3) ϭk 1 Ϫk 2 ϩk 3 and ͑ii͒ the fifth-order process generating an induced polarization with wave vector k 5 (5) ϭk 3 Ϫk 4 ϩk 5 Ϫk 6 ϩk 7 . The three field-matter interactions with k 1 -, k 2 -, and k 3 -fields create the third-order induced polarization, which acts like a source in the Maxwell equation to create the corresponding third-order electric field. This electric field is then absorbed by another chromophore to initiate the next fifth-order light scattering process to produce P cas,1 (7) (t) which is given in Eq. ͑57͒ below. Therefore, we shall denote the cascading process in Fig. 6͑a͒ , as ͑1͒ k 1 (3) →k 5 (5) . The remaining 13 sequential processes of the (5) 8 (3) , and ͑14͒ k 5
→k 5 (3) .
Denoting P cas, j (7) (t) ͑for jϭ1 -14͒ as the induced polarization amplitude associated with the jth cascading process, we find
where F j is the phase-matching factor for the jth process. In addition to F j , the four time arguments, t 1 (iϭ1,2,3,4) in Eq. ͑57͒ are listed in Table I . In Eq. ͑57͒, the fifth-and third-order response functions were defined in Eqs. ͑11͒ and ͑16͒-͑19͒, respectively. 
ϫ (3) -type cascading processes is 20, and the corresponding polarizations can be conveniently written as
where the index j varies from 15 to 34. The corresponding time arguments (t 3 ,t 2 ,t 1 ) and the phase-matching factors F j are listed in Table II . Note that the polarization amplitudes of the (3) ϫ (3) ϫ (3) -type cascading processes are proportional to N 3 . The associated three third-order NLO processes can be understood from the second column of Table II . For instance, k 1 (3) →k 6 (3) →k 9 (3) , where these wave vectors were defined in Eqs. ͑55͒ and they specify the sequence of optical transitions in a given third-order NLO process, represents the cascaded process corresponding to the diagram in Fig. 6͑b͒ . Likewise, the remaining 19 diagrams can be immediately drawn.
Overall the induced polarization created by the cascaded processes, both (5) ϫ (3) -and (3) ϫ (3) ϫ (3) -types, is given by a sum of the 34 polarizations,
Consequently, the total seventh-order polarization with the wave vector k s ϭk 1 Ϫk 2 ϩk 3 Ϫk 4 ϩk 5 Ϫk 6 ϩk 7 contains totally 35 polarizations,
Thus it seems inevitable that the homodyne detection of the seventh-order coherent Raman scattering signal field with the wave vector k s ϭk 1 Ϫk 2 ϩk 3 Ϫk 4 ϩk 5 Ϫk 6 ϩk 7 will be complicated by the interference among these fields. Furthermore, note that both P dir (7) (t) and P cas, j (7) (t) ͑for jϭ15-34͒ are purely real, whereas those of (5) ϫ (3) -type, P cas, j (7) (t) ͑for j ϭ1 -14͒, are imaginary. Thus, even the phase-controlled heterodyne-detection method proposed in Sec. II cannot be used to selectively measure the direct contribution alone. Therefore, the direct contribution must be dominant over the cascaded contributions in order to experimentally measure the pure seventh-order light scattering signal containing information on the four-time response function, R (7) (t 4 ,t 3 ,t 2 ,t 1 ), defined in Eq. ͑53͒.
The ratio of the direct to cascaded contributions for the seventh-order signals are likely to be more favorable than in the case of the direct fifth-order signal since the direct fifthorder signal requires an intrinsic nonlinearity that the seventh-order signal does not. 4 This is not only advantageous from the standpoint of the absolute seventh-order signal intensity, but the nonlinearity required to generate the direct fifth-order signal will also significantly reduce the (5) 
V. SUMMARY
In this paper, the cascading contributions to the fifth-and seventh-order coherent Raman scattering signals are identified and expressed in terms of the third-and fifth-order nonlinear Raman response functions. As already pointed out by TABLE I. F j and the four time arguments in Eq. ͑57͒ for 14 (5) 
Here all wave vectors were given in the main text. 
tϪϪT t tϪ 34
tϪϪT tϪ t
Unless et al., 23 the fifth-order coherent Raman scattering polarization is given by a sum of the direct and cascaded contributions. Depending on the relative magnitudes of the thirdorder response function in comparison to the fifth-order response function, the ratio of the cascading term to the direct fifth-order term changes. In particular, noting that the fifth-order electric field generated by the direct fifth-order Raman scattering polarization is purely imaginary, a careful phase-controlled heterodyne-detection could be used to selectively measure the direct fifth-order Raman response function.
In the case of seventh-order coherent Raman scattering, the number of cascaded processes satisfying the same phasematching condition increases dramatically. Particularly, when the phase-matching condition is k s ϭk 1 Ϫk 2 ϩk 3 Ϫk 4 ϩk 5 Ϫk 6 ϩk 7 , a total of 34 cascaded processes ͑14 
ϫ (3) -type processes is proportional to N 3 because three chromophores are involved in this double cascading process. Noting that the total polarization with wave vector k s ϭk 1 Ϫk 2 ϩk 3 Ϫk 4 ϩk 5 Ϫk 6 ϩk 7 is a sum of 35 polarization components, including the direct seventh-order contribution, cascading contributions must be taken into consideration in the analysis of experimentally measured seventh-order Raman spectra due to the complicated interference among these 35 distinct generated electric fields. However, the ratio of direct to cascaded signals may be significantly more favorable than in the analogous fifth-order case since the nonlinearly needed to generate a fifth-order signal is not required in the generation of the direct seventh-order signal.
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APPENDIX A: DERIVATION OF EQ. "11…
Here, we present the brief derivation procedure of Eq. ͑11͒. The formal expression for the fifth-order polarization P (5) (r,t) is given by Eq. ͑8͒ with nϭ2. The expression for the density operator g (4) (r,t) appearing in P (5) 
͑A1͒
Note that the electric field E(r,t) in Eqs. ͑8͒ and ͑A1͒ are the linear superposition of the five electric field pulses as given in Eqs. ͑1͒ and ͑2͒. Thus, the polarization vector P (5) (r,t) defined by Eqs. ͑8͒ with nϭ2 and ͑A1͒ is comprised of many components that come out from various combinations of the five electric pulses. Among these, we are looking for a specific polarization component with the wave vector k s ϭk 1 ϩk 2 ϩk 3 ϩk 4 ϩk 5 and frequency ϭ 0 , i.e., P (5) (r,t)ϰexp(ik s •rϪi 0 t). Within the impulsive limit where the durations of the five electric fields are quite short, the desired component of the polarization vector is P ͑ 5 ͒ ͑ r,t ͒ϭN Tr͕␣ I•E 5 ͑ r,t ͒ g Ј ͑ 4 ͒ ͑ r,t ͖͒, ͑A2͒
where g Ј (4) in Eq. ͑A2͒ are the components of the density operator given by Eq. ͑A1͒ with the bracket replaced by ͓␣ I:"E 3 ͑ r,t 2 ͒ϩE 4 ͑ r,t 2 Following the parallel line of derivation, one can obtain the expressions for the third-order polarizations given by Eqs. ͑12͒-͑19͒.
APPENDIX B: SOLUTION OF EQ. "20…
In the present subsection, we will delineate the method of solution for the differential equation, Eq. ͑20͒. First, by using the relations ٌϫٌϫEϭٌ(ٌ•E)Ϫٌ 2 E with ٌ•E ϭ0, and by setting the z axis of our coordinate system to be parallel to k si , we can write the solution to Eq. ͑20͒ in terms of Green's function as 
